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ABSTRACT. $P_{\kappa}\lambda$ non-reflecting stationary set






$(\kappa, \lambda)$ , $P_{\kappa}\lambda$ $\{x \subset\lambda : |x|<\kappa\}$ .
$x\in P_{\kappa}\lambda$ , $\kappa_{x}=|x\cap\kappa|,$ $P_{\kappa_{x}}x=\{s\subset x:|s|<\kappa_{x}\}$ .
, $\hat{x,}$ $\{y\in P_{\kappa}\lambda : x\subset y\}$ . $P_{\kappa}\lambda$ $X$
$x\in P_{\kappa}\lambda$ $X$ $\hat{x}\neq\emptyset$ , $X$ unbounded
, $I_{\kappa’,\lambda}=$ { $X\subset P\hslash\lambda$ : $X$ unbounded } .
$P_{\kappa}\lambda$ e, , $I_{\kappa,\lambda}$
. $P_{\kappa}\lambda$ $F$ $I$ $I=\{P_{\kappa}\lambda-X : X\in F\}$
, dual . $I$ dual $I^{*}$
, $I^{+}$ $\{X\subset P_{\kappa}\lambda : X\not\in I\}$ .
, $y\in P_{\kappa}.z$ $y\prec z$ .
$P_{\kappa}\lambda$ $\kappa_{x}$
$P_{\kappa_{x}}x$ . , $X\subset P_{\kappa oe}x$ unbounded
$y\in P_{\kappa_{x}}x$ $z\in X$ $y\subset z$
, $I_{\kappa_{x},x}$ { $X\subset P_{\kappa_{x}}x|X$ $P_{\kappa_{x}}x$ unbounded }
, $P_{\kappa_{x}}x$ $\kappa_{x}$-complete .
2. FORCING A NONREFLECTING STATIONARY SET
Nonreflecting stationary set ,
, supercompactness
. [2] .
$P_{\kappa}\lambda$ – , shooting club forcing ,
– , . [4]
Gitik .
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2.1. $V\subset W$ 2 $ZFC$ ,
$(\kappa^{+})^{V}--(\kappa^{+})^{W}fC\in W$ V-inacces3ibles $\kappa$ cZ set ,
$\kappa$ $W$ accsessible, $T=\{x\in P_{\kappa}\kappa^{+}$ : $V\models"|x|$ acce3sible
“} . , $f_{\text{ }rci}ng$ notion $\mathrm{P}\in W$
$|\vdash_{\mathrm{P}}$
” st na $S\subset\kappa$ $x\in T$ $S\cap$ x stationary
“ .
. $W$ forcing notion $\mathrm{P}$ ;
$\mathrm{P}=\{p\subset P_{\kappa}\kappa^{+}:$ $|p|<\kappa$ , $x\in T$ p\cap x
stationary }.
$p\leq_{\mathrm{P}}ql\mathrm{h}$
$P\supset q$ , $x\in p-q$ $y\in q$ $x\not\subset y$
.
$\mathrm{P}$ $\kappa^{+}-\mathrm{c}.\mathrm{C}$ . $<\kappa$-distributive , cardinal
.
$\kappa^{+}$ anti chain . $p\in A$
$|\cup p|<\kappa$ $\kappa$ inaccessible , {UP : $p\in A$} $r$
root $\Delta_{-\mathrm{S}}\mathrm{y}\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}$ . $|P(r)|<\kappa$ , $p,$ $q\in A$
$P\cap P(r)=q\cap P(r)$ . $s=p\cup q$ .
$\in s-p,$ $u\in p$ $t\underline{\subset}u$ , $t\in q$ $t\subset u\subset\cup p$ .
$t\subset\cup p\cap\cup q=r$ , $P$ . ,
$t$ $u$ . $x\in T$ . $p\cap P_{\kappa_{x}}x$ q\cap P
stationary , s\cap P\mbox{\boldmath $\kappa$}xx=(p\cap \cup (q\cap Pkx
stationary . , $s$ $\mathrm{P}$ $P$ $q$ condition
. $A$ anti chaill , $\mathrm{P}$ $\kappa^{+}-\mathrm{C}.\mathrm{c}$.
.
$\delta<\kappa$ , $\alpha<\delta$ $D_{\alpha}$ $\mathrm{P}$ open dense
. condition $P$ . $q \in\bigcap_{\alpha<\delta}D_{\alpha}$ $P$
$<\kappa$-distributive .
$\lambda$
$\mathcal{B}=\langle H(\lambda), \in, \kappa, \kappa^{+}, P_{\hslash}\kappa C, \delta,\mathrm{p}|\vdash, \langle+,,D_{\alpha}|\alpha<\delta\rangle,p\rangle$
. $\mathcal{M}\prec B$ | | $=\kappa,$ $\mathcal{M}\cap\kappa^{+}\in\kappa^{+},$ $<\kappa(\mathcal{M}\cap\kappa^{+})\subset$
. $\kappa$ $\cap\kappa^{+}$ $g\in V$ . $\mathcal{M}$
elementary submodel $\ovalbox{\tt\small REJECT} \text{ }$ increasing continuous chain $\langle \mathcal{M}_{\xi}|\xi<\kappa\rangle \text{ ^{}\mathrm{e}}$
$\alpha+1\subset \mathcal{M}0$ , $\xi<\kappa$ $|\mathcal{M}_{\xi}|<\kappa,$ $\xi \mathcal{M}_{\xi}\subset \mathcal{M}_{\xi+1}$ ,
$g”\xi\subset \mathcal{M}_{\xi}$ .
$C$ closed $\mathrm{u}\mathrm{n}\mathrm{b}_{\mathrm{o}\mathrm{t}}\mathrm{u}\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{d}$ $E$ , $\xi\in E$ $g^{J/}\xi=$
$\mathcal{M}_{\xi}\cap\kappa^{+},$ $|\xi|=\xi,$ $g”\xi\cap\kappa=\xi=\mathcal{M}\xi\cap\kappa$ .
, $\xi\in E$ $\mathcal{M}_{\xi}\cap\kappa^{+}\in P_{\kappa}\kappa^{+}\cap \mathcal{M}\xi+1$
. $\xi\in E$ $q\in \mathrm{P}\cap \mathcal{M}_{\xi}$ , $\mathcal{M}_{\xi}\models//|q|$ $\kappa$”
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, $q=f^{;/_{\eta}}$ $\eta<\xi$ , $f\in \mathcal{M}_{\xi}$ . $q\subset \mathcal{M}_{\xi}$
. $q\subset P(\mathcal{M}_{\xi^{\cap}}\kappa^{+})$ . ,
$x\in q$ $x\subseteq \mathcal{M}_{\xi}\cap\kappa^{+}$ .. $\langle\xi_{\alpha}|\alpha\leq\delta\rangle$ $E$ increasing
enumeration .
condition decreasing sequence $\langle p_{\xi_{\alpha}}|\alpha\leq$
$\delta\rangle$ , $\alpha<\delta$ $\beta<\alpha$ $P$ $\in \mathcal{M}_{\xi_{\alpha}+1}\cap D_{\beta}$
, .
$\alpha+1\subset \mathcal{M}_{0}\subset \mathcal{M}_{\xi_{0}}$ $D_{0}\in \mathcal{M}_{\xi_{0}}$ , $q_{0}\in \mathcal{M}_{\xi_{0^{\cap D}}0}$ $q_{0}\leq p$
. $P\mathrm{o}=q0\cup\{\mathcal{M}_{\xi\text{ }}\cap\kappa^{+}\}$ . $V\models"$ $|\mathcal{M}_{\xi_{0}}|=\xi 0$
$\mathrm{i}_{\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{C}\mathrm{c}\mathrm{e}}\mathrm{s}\mathrm{S}^{\tau}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$
” , $p0$ condition . $P\mathrm{o}\in \mathcal{M}_{\xi_{\text{ }}}+1$
.
$\alpha=\beta+1$ $p_{\beta}$ . $p_{\beta}\in \mathcal{M}_{\xi_{\beta}+1}\subset \mathcal{M}_{\xi_{\alpha}}$ ,
$\beta\in\xi_{\alpha}=\mathcal{M}\xi\alpha^{\cap}\kappa$ D\beta \in M\xi , $q_{\alpha}\in \mathcal{M}_{\xi_{\alpha^{\cap}}}D\rho$
$q_{\alpha}\leq p\rho$ . $p_{\alpha}=q_{\alpha}\cup\{\mathcal{M}_{\xi_{\alpha}}\cap\kappa^{+}\}$
, , condition .
$\alpha$
$\delta$ limit ordinal $\beta<\alpha$ $p\rho$
. $p_{\alpha}= \bigcup_{\beta<\alpha}p_{\beta}$ .
$\beta<\alpha$
$P\rho\in \mathcal{M}_{\xi_{\beta}+1}$ $\xi_{\beta}+1\leq\xi_{\beta+1}<\xi_{\alpha}$ ,
$\{p_{\beta} : \beta<\alpha\}\in^{\alpha}\mathcal{M}_{\xi_{\alpha}}$ $\subset \mathcal{M}_{\xi_{\alpha}+1}$ . $p_{\alpha}\in \mathcal{M}_{\xi_{\alpha}+1}$
. $\mathcal{M}_{\xi_{\beta}+1}\cap\kappa^{+}$ $P\beta+1$ , $\cup p_{\alpha}=\bigcup_{\beta<\alpha}$ ($\mathcal{M}_{\xi_{\beta}}$ $\kappa^{+}$ ) $=$
$\mathcal{M}_{\xi}$
$\cap\kappa^{+}$ . $|\mathcal{M}_{\xi}$ $\cap\kappa^{+}|=\xi_{\alpha}$ $V$ inaccessible
.





. $x \subset \mathcal{M}_{\alpha}\cap\kappa^{+}=g’’\xi_{a}=\bigcup_{\zeta<\xi_{\alpha}}g^{\prime J}\zeta$ . $V\models$” $\xi_{\alpha}$
” , $\zeta<\xi_{\alpha}$ $x\subset g’’\zeta$ . ,
$x\subseteq g^{\prime/}\xi_{\gamma}=\mathcal{M}_{\xi_{\gamma}}\cap\kappa^{+}\in p_{\gamma}$ $\gamma<\alpha$ .
$y\in p_{\alpha}\cap P_{\kappa_{x}^{X}}$ , $y\subset x\subseteq \mathcal{M}_{\xi_{\gamma}}\cap\kappa^{+}\in p_{\gamma}$ ,
$\mu\in(\gamma, \alpha)$ $y\in p_{\mu}$ . $p_{\mu}\leq p_{\gamma}$ , $y\in p_{\gamma}$ .
$p_{\alpha}\cap P_{\kappa_{x}P\gamma}x=\cap P_{\hslash}Xx$ , $p_{\gamma}\in \mathrm{P}$ $P$ $\mathrm{n}P_{\kappa^{X}}x$
stationa-Iy . , p condition $\bigcap_{\beta<\alpha}D_{\beta}$ .
$\mathrm{P}$ nonreflecting stationary set force
$G$’ $W$ IP-generic, $S=\cup G$ . density argument
$S$ $P_{\kappa}\kappa^{+}$ unbounded . $W[G]$ $S$
$P_{\kappa}\kappa^{+}$ stationary , $T$ $x$ reflect $\mathrm{L}$,
. $P_{\kappa\kappa}\kappa^{++}\cap W=P\kappa\cap W[G]$ .
$D\subset P_{\kappa}\kappa^{+}$ $W[G’]$ club, $\dot{D}$ name . $p^{1}\vdash$” $\dot{D}$
$P_{\kappa}\kappa^{+}$ closed unbounded ” .
$\lambda$ , $N\prec\langle H(\lambda), \in, \kappa, \kappa^{+}, P\kappa\kappa, c+, \mathrm{p}, |\vdash,\dot{D},P\rangle$
$|\wedge’|=\kappa,$ $N\cap\kappa^{+}\in\kappa^{+}$ , $<\kappa(N\cap\kappa^{+})\subset N$ . $\kappa$
$N\cap\kappa^{+}$ $h\in V$ $N$ elementary submodel
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increasing continuous chain $\langle N_{\nu_{\alpha}}|\alpha<\kappa\rangle$ , $\alpha<\kappa$ $|N_{\nu_{\alpha}}|<$
$\kappa,$
$\nu_{\alpha}N_{\nu}$ $\subset$ \nu \alpha +1, $h^{\prime/}\nu_{\alpha}\cap\kappa=\nu_{\alpha}\in C$ , $h”\nu_{\alpha}=$ \alpha \alpha \cap \mbox{\boldmath $\kappa$}+
. ( $h”\nu_{\alpha}=$ \nu . $\cap\kappa$ ,
$\langle\nu_{\alpha}|\alpha<\kappa\rangle$ increasing continuous )
, condition descending sequence $\langle p_{n}|n\in\omega\rangle$
.
Elementarity $p’\in$ $x_{0}\in N_{m}$ $p’\leq p$ $p”|\vdash$” $x_{0}\in\dot{D}$”
. $p_{\mathit{0}}=P’\cup$ ($N_{\nu_{0}}$ $\kappa^{+}$ ) .
$p\mathrm{o}\in \mathrm{P}$ $\nu_{0}+1\subset \mathrm{Q}_{1}$ .
$p_{n}\in N_{\nu_{n}+1}$ . $\cup p_{n}=N\nu_{n^{\cap\in}}\kappa^{+}N_{\nu+1}n$
$p_{n}|\vdash$
” $D$ club” . $N_{\nu_{n}}\cap\kappa^{+}\in P_{\kappa}\kappa^{+}$ =+1 ,
$p_{n}’\in N_{l^{\text{ _{}\gamma}}+1}‘ kx_{n+1}\in N_{\nu_{n}+1}$ $p_{n}’\leq p_{n},$ $N_{\nu_{n}}\cap\kappa^{+}\subset x_{n+1}$ ,
$p_{n}’|\vdash$
” $x_{n+}1\in\dot{D}$” . $x_{n+1}\subset N_{\nu_{n}+1}\cap\kappa^{+}\subset \text{ _{}\nu_{n+1}}$ .
$p_{n+1}=pn^{\cup\{}/\text{ _{}\nu_{n+}\text{ }}$ $\cap\kappa^{+}\}$ .
$q=( \bigcup_{n\in\omega}p_{n})\cup\{N_{\nu_{\omega}}\cap\kappa^{+}\}$ , , $q\in \mathrm{P}$ $q$
$p_{n}$ . $N_{\nu_{n}}\cap\kappa^{+}\subset x_{n+1}\subset N_{\nu_{n}+1}\cap\kappa^{+}\subset N_{\nu_{n+1}}\cap\kappa^{+}$
, $N_{\nu_{\omega}} \cap\kappa^{+}=\bigcup_{n\in\omega}x_{n}$ . $n\in\omega$ $p_{n}|\vdash$” $x_{n}\in\dot{D}$”
. , $q\mathrm{I}\vdash$” $n\in\omega$ $x_{n}\in\dot{D}$ , $\dot{D}$
closed ” . , $q\leq p$ $q^{1\vdash}$” $N_{\nu_{\omega}}\cap\kappa^{+}\in D\cap\cup G$”
. $S$ stationary .
$S$ $x\in P_{\kappa}\kappa^{+}$ reflect . $\mathrm{P}$
, condition $P\in G$ $x$ reflect , $P\in \mathrm{P}$
.
3. WEAK NORMALITY –
[5] weakly normal
.
3.1. $\kappa$ $F$ weakly $n\text{ }rmal$ , $\kappa$
regressive function $F$ .
$P_{\kappa}\lambda$ – [1] , strong compactness
. ( , weakly normal
)
3.2. $F$ $P_{\kappa}\lambda$ . $P_{k}\lambda$
regressive function , $F$ AN$(F)$
.
$P_{\kappa}\lambda$ strongly normal [3] supercompact
.
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3.3. $P_{\kappa}\lambda$ $P_{k}\lambda$ $f$ , $x\in P_{\kappa}\lambda$
$f(\prime x)\in P_{\kappa_{x}}x$ set regressive .
$P_{\kappa}\lambda$ $F$ strongly normd , F-
positive $X$ set regressive function , $X$
positive constant .
: $\{X_{s} : s\in P_{\kappa}\lambda\}\subset I$
, $\nabla\prec x\mathrm{Y}=s$ { $x$ : $s\prec x$ $x\in X_{s}$ } $\in I$ .
strongly normal normal .
, $WN-$ .
3.4. $F$ $P_{\kappa}\lambda$ . $P_{\kappa}\lambda$
set regressive function $f$ , $a\in P_{\kappa}\lambda$
$\{x\in P_{\kappa}\lambda : f(x)\subset a\}\in F$ , $F$ WN-




. . weak normality weakly inaccessible





3.5. $cf(\lambda)\geq\kappa$ $WN(F)$ , AN$(F)$ .
. $P_{\kappa}\lambda$ regressive $f$ , $g(x)=\{f(x)\}$
$g$ , $g$ $F$ set regressive .
, $a\in P_{\kappa}\lambda$ , $X=\{x\in P_{\kappa}\lambda : g(x)\subset a\}$ $\in F$
. $cf(\lambda)\geq\kappa$ , $\sup(a)<\lambda$ , $x\in X$
$f(x) \leq\sup(a)$ .
$\lambda\geq\kappa$ $P_{\kappa}\lambda$ AN- , $\kappa$
weakly inaccessible .
.
3.6. (1) WN- $WN$ .
(2) $F$ $P_{\kappa}\lambda$ $WN$- , $\delta\in[\kappa, \lambda)$
$F[\delta$ $P_{\kappa}\delta$ WN- . ( $F\mathrm{r}\delta=\{X\subset$
$P_{\kappa}\delta:\{x\in P_{\kappa}\lambda:x\cap\delta\in X\}\in F\}$ )




AN$(F)$ AN $(F\mathrm{r}\delta)$ ,
.
3.7. $Reg=$ { $x\in P_{\kappa}\lambda$ : $x\cap\kappa$ } . $P_{\kappa}\lambda$
$WN-$ $CF_{\kappa,\lambda}$ r&g .
. $X=\{x\in P_{\kappa}\lambda : x\cap\kappa\not\in\kappa\}\in F^{+}$ . $x\in X$
, $\alpha_{x}\in x\cap\kappa$ $\alpha_{x}\not\subset x$ . $a\in P_{\kappa}\lambda$
$X’\in P(X)\cap F^{+}$ , $x\in X’$ $\alpha_{x}\in a$ .
$a\subset\kappa$ . $\alpha=\sup(a)$ $\alpha<\kappa$ ,
$x\in X’$ $\alpha\not\subset x$ .
$\{x:x\cap\kappa’\in X\}\in F$ .
$i$ : $\lambda\cross\lambdaarrow\lambda$ . $Y=\{X:j’’(X\mathrm{x}x)\not\subset x\}\in F^{+}$
, $f$ $f(x)\in x\mathrm{x}x$ $j(f(x))\not\in x$ .
$b\in P_{\kappa}\lambda$ $Y’\in P(Y)\cap F^{+}$ , $x\in Y’$
$f(x)\subset b$ . , $x\in Y$ $b\not\subset x$
, . $\{x : i^{//}(x\mathrm{x}X)\subset x\}\in F$ ,
$CF_{\kappa,\lambda}\subset F$ .
$Z=$ {$x:X\cap\kappa$ } $\in F^{+}$ . $\kappa$ weakly
inaccessible $Z$ stationary , $x\in Z$ $x\cap\kappa$
. $c_{x},$ $\subset x$ cofinal order type $<X\cap\kappa$
. $c\in P_{\kappa}\lambda$ $Z’\in F^{+}$ , $x\in Z’$ $c_{x}\subset c$
. $c\subset\kappa$ , $x\in Z’$
$x\cap\kappa\subset\cup c<\kappa$ , .
3.8. WN- , $\kappa$ weakly Mahlo .
$WCF_{\kappa,\lambda}$ $P_{\kappa}\lambda$ strongly normal .
$WCF_{\kappa,\lambda}$ , $\kappa$
Mahlo $\kappa=\nu^{+}$ $\nu^{<\nu}=\nu$ .
, $X\in WCF_{\kappa,\lambda}$ , $f$ : $P_{\kappa}\lambdaarrow P_{\kappa}\lambda$
$\{x\in P_{\kappa}\lambda : f^{\prime/_{P_{\kappa_{x}}}}x\subset P(‘ x)\}\subset X$ . $\kappa$
Mahlo , { $x\in P_{\kappa}\lambda$ : $\kappa_{x}=x\cap\kappa$ inaccessible} $\in WCF_{\kappa,\lambda}$
.
Strong normality $WN$ .
3.9. (1) $WcF_{\kappa,\lambda}$ , $P_{\kappa}\lambda$ WN-
$WCF_{\kappa,\lambda}$ .
(2) $F$ $P_{\kappa}\lambda$ st.rongly nonnal $\kappa$ -saturated ,
$1\mathrm{f}^{\gamma}N(F)$ .
(3) WN- $F$ $\kappa- c\text{ }mplete$ , $F$ normal $\kappa$-saturated
. $WCF_{\kappa,\lambda}$ $CF_{\kappa,\lambda}$ restriction $WN$
.
(4) $\kappa$ Mahlo , $P_{\kappa}\lambda$ ,
:
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1. $F$ IS $\kappa$-comple$\mathrm{t}e\text{ ^{}\backslash }WN$ .
2. $\Gamma\prec$ Ig strongly normal $\kappa$-saturated.
, (1) $X\in F^{+}$ , $x\in X$ $f(x)\in P_{\kappa_{x}}x$
. $\kappa$ Mahlo . $a\in P_{\kappa}\lambda$
$Y=$ {$x\in X$ : $x\cap\kappa\in\kappa$ and $f(x)\subset a$} stationary .
$x\in \mathrm{Y}$ $f(x)\subset a$ $|P(a)|<\kappa$ . $f$ $Y$
unbounded constant . $X\in WCF_{\hslash_{)}\lambda}^{+}$
.
(2) $x\in P_{\kappa}\lambda$ $g(x)\in P_{\kappa_{x}}x$ , $A=\{g^{-1}(\{y\})$ :
$y\in P_{\kappa}\lambda\}\cap F^{+}$ . $F$ $\kappa$-saturated , | | $<\kappa$ .
$b=\cup\{y : g^{-1}(\{y\})\in A\}$ , $b\in P_{\kappa}\lambda,$ $\cup A\in F$ ,
$x\in\cup A$ $g(x)\subset b$ .
(3) $h$ $Z\in F^{+}$ regressive . $c\in P_{\kappa}\lambda$ $Z’=\{x\in Z$ :
$h(x)\in c\}\in F+$ . $\kappa$-completeness $h$
$F^{+}$ constant , $F$ normal
.
, $\{W_{\xi} : \xi<\kappa’\}$ $P_{\kappa}\lambda$ $\mathrm{F}$-positive
. $W_{\xi}’=W_{\xi}\cap\overline{\{\xi\}}$ , $x\in W_{\xi}’$ $k(x)=\xi$
. $d\in P_{\kappa}\lambda$ $W=\{x\in P_{\kappa}\lambda : k(x)\subset d\}\in F$
. $d$ $\xi$ 1 ,
$\ovalbox{\tt\small REJECT}$
$W=\emptyset$ , .
(4) (2) (3) .
3.10. $F$ $P_{\kappa}\lambda$ WN- .
(1) $s\in P_{\kappa}\lambda$ $X_{s}\in F^{+}$ , $t\supset u$ $X_{t}\subset X_{u}$
. , $\triangle\prec sX=S\Delta\{x\in P_{\kappa}\lambda$ : $s\in P_{\kappa_{x}}x$
$x\in X_{S}$ } $\in F^{+}$ .
(2) $s\in P_{\kappa}\lambda$ $\{x\in P_{\kappa}\lambda:f(x)\not\subset s\}\in F^{+}$ ,
$X\in F^{+}$ $s\in P_{\kappa}\lambda$ $f^{-1}(\{s\})\cap X\in I_{\kappa,\lambda}$
.
. (1) $s,$ $t\in P_{\kappa}\lambda$ $X_{s\cup\ell}\subset X_{s}\cap X_{t}\in F^{+}$ . $F’$
$F$ $\{X, :s\in P_{\kappa}\lambda\}$ . $F\subset F’$
$WN(F’)$ . $\triangle_{\prec s}X_{s}\not\in F^{+}$ , $Y=\{x\in P_{\kappa}\lambda$ :
$s\in P_{\kappa_{x}}x$ $x\not\in X_{s}$ } $\in F’$ . $b\in P_{\kappa}\lambda$
$\mathrm{Y}’=$ {$x\in Y$ : $s\subset b$ $x\not\in X_{\mathit{8}}$ } $\in G$
. , $Y’\cap X_{b}=\emptyset$ , .
(2) $\lambda_{s}^{7}=\{x\in P_{\kappa}\lambda : f(x)\not\subset s\}$ , (1) $Z=\triangle\prec SX_{s}\in$
$F^{+}$ . $x\in Z\cap f^{-1}(\{s\})$ $s\not\in P_{\ }x$ , $Z\cap$
$f^{-1}(\{s\})\in I_{\kappa,\lambda}$ .




(1) $F$ $WN$ .
(2) $WcF_{\kappa,\lambda}\subset F$ , $f$ : $P_{\kappa}\lambdaarrow P_{\kappa}\lambda$ $a\in P_{\kappa}\lambda$
$\{x:f(X)\not\subset a\}\in F^{+}$ , $X\cap f^{-1}(\{a\})\in I_{\kappa,\lambda}$
$a\in P_{\kappa}\lambda$ $X\in F^{+}$ ,
, 39 3.10 , (1) (2) .
, (2) . $F$ $WN$ , set
regressive function $f$ $s\in P_{\kappa}\lambda$ $X=\{x\in P_{\kappa}\lambda$ :
$f(x)\not\subset s\}\in\Gamma^{i}+$ . $X\in F^{+}$ ,
$a\in P_{\kappa}\lambda$ $f^{-1}(\{a\})\cap X\in I_{\kappa,\lambda}$ . – , $F$ $WCF_{\kappa,\lambda}$




3.12. $V$ $F$ $P_{\kappa}\lambda$ $WN-$ , $\mu<\kappa$ $\mathrm{P}$
$\mu- c.c$ . . , $V^{\mathrm{P}}$ $F$ WN-
.
. $G$ $V$ P-generic , $V[G]$ $F’$
;
$F’=$ { $X\subset P_{\kappa}\lambda$ : $Y\in F$ $Y\subset X$ }.
$V[G]\models$ ” $f$ : $P_{k}\lambdaarrow P_{\kappa}\lambda$ , $x\in P_{\kappa}\lambda$ $f(x)\in P_{\kappa_{x}}x$
” . $\dot{f}$ $f$ name , $X=\{x\in P_{\kappa}\lambda\cap V:\mu<x\mathrm{n}\kappa$
} $X\in F$ . $V$ , $x\in X$ $\mathit{9}(x)$
.
anti chain $\subset\{p\in \mathrm{P}$ : $\gamma_{P}$ $p^{1\vdash}$” { $\alpha_{\xi}$ : $\xi<$
$\gamma_{p}\}$ $\dot{f}(x)$ increasing enumeration”} .
$P\in$ x $\xi<\gamma_{P}$ $B_{\xi}^{p}$ anti $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{i}\mathrm{n}\subset\{q\leq p:q||\dot{\alpha}_{\xi}\}$
.
$g(x)=\{\beta$ : $q\in\cup\{B_{\xi}^{p} : \xi<\gamma_{P},p\in A_{x}\}$ $q^{1}\vdash$” $\dot{\alpha}_{\xi}=\beta$
} .
$\mu- \mathrm{c}.\mathrm{c}$ . , $|\text{ _{}x}|$ , $|B_{\xi}^{p}|<\mu$ . $p\in$ $\gamma_{\mathrm{P}}<x\cap\kappa$
, $|g(x)|\leq|\cup${ $B_{\xi}^{p}:_{P}\in$ x’\xi $<\gamma_{p}$} $|<x\cap\kappa$ . $\beta\in g(x)$
, $q$ $\xi$ $q|\vdash$” $\beta=\dot{\alpha}_{\xi}$” , $q|\vdash$” $\beta\in x$”
$\beta\in x$ . , $x\in X$ $g(x)\in P_{\kappa_{x}}x$
. $F$ $WN$ , $a\in P_{\kappa}\lambda$ $Y=\{x\in P_{\kappa}\lambda : g(x)\subset a\}\in F$
.
$|\vdash_{\mathrm{P}}$
” $f(’ x)\subset g(x)$” , $V[G]\models$” $x\in \mathrm{Y}$ $f(x)\subset a$”
.
$V[G]\models$ ” $\{x\in P\lambda\hslash : f(x)\subset a\}\in F’$” .
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3.13. , $Con(\kappa$ $inaCCessible$
$P_{\kappa}\lambda$ WN- ) . , &\mbox{\boldmath $\lambda$}
normal strongly normal $\kappa$-saturated
.
. $P_{\kappa}\lambda$ strongly normal ( $\kappa$-complete) $\hslash$-saturated
$\kappa$ Cohen reals
. Add$(\omega, \kappa)$ c.c.c. , ground model strongly
normal $\kappa$-saturated $\kappa$-complete WN-
, completenes WN-
stationary reflection .
3.14. $\omega<\mu\leq\kappa$ , $X\subset P_{\kappa}.\lambda$ , unbounded , $\mu$
$\subset- \mathrm{i}\mathrm{n}\mathrm{c}\Gamma \mathrm{e}\mathrm{a}s\mathrm{i}\mathrm{n}\mathrm{g}$ chain \vee | $<\mu$ club
$\underline{=}$ . $CF_{\kappa,\lambda}^{\mu}$’ $<\mu$ club .
, $C\Gamma_{\kappa,\lambda}^{i^{\hslash}}.=CF\kappa,\lambda$ .
$S\subset P_{\kappa}\lambda$
$CF_{\kappa,\lambda}^{\mu}$-stationary $S\in(CF_{\kappa}^{\mu},\lambda)^{+}$ , , $S$
$<\mu$ club .
3.15. (1) $\mu$ , $CF_{\kappa,\lambda}^{\mu}$ $P_{\kappa}\lambda$ $\kappa$-complete normal
.
(2) $\mu<\mu’$ $CF_{\kappa,\lambda}^{\mu}\supseteq CF_{\kappa,\lambda}^{\mu’}-C^{\backslash }$ .
(3) $|\mu|<\mu$ , $CF_{\kappa_{1}\lambda}^{\mu}=cF\kappa,\lambda\mu^{+}$ .
(4) $\mu$ , $CF_{\kappa,\lambda}^{\mu}= \bigcap_{s<}\mu CF_{\kappa}\delta,\lambda$ .
(5) $\mu$ , $CF_{\kappa,\lambda}^{\mu}=oF\kappa,\lambda\mu^{+}$
. (1) . .
$\delta<\kappa$ . $\alpha<\delta$ $C_{\alpha}$ $<\mu$ club , $C= \bigcap_{\alpha<\delta}C_{\alpha}$
. $\langle x_{\xi}|\xi<\gamma\rangle$ $C$ increasing chain $\gamma<\mu$ . $C_{\alpha}$
$<\mu$ club , $\bigcup_{\xi<\gamma}x_{\xi}\in C_{\alpha}$ . $\bigcup_{\xi<\gamma^{X_{\xi}}}\in C$ ,
$C$ $<\mu$-closed .
C unbounded $\delta<h’$ , $x\in P_{\kappa}\lambda$
, $\langle y_{\alpha}^{0}|\alpha<\delta\rangle$ $y_{0}^{0}=x,$ $y_{\alpha}^{0}\subset y_{\alpha+1}^{0}\in C_{\alpha}$, $y_{\alpha}^{0}= \bigcup_{\beta<\alpha}y_{\beta}^{0}$
$\alpha<\delta$ ,
. $x_{1}= \bigcup_{\alpha<\delta}y_{\alpha}^{0}$ .
{ $x_{n}|n\in\omega\rangle$ . $x_{n}$ , $y_{0}^{n}=$
$x_{n},$ $y_{\alpha}^{n}\subset y_{\alpha+1}^{n}\in C_{\alpha}$ , $\alpha<\delta$ $y_{a}^{n}= \bigcup_{\beta<\alpha}y_{\alpha}^{n}$ ,
$x_{n+1}= \bigcup_{\alpha<\delta}y_{\alpha}^{n}$ .
$x$ $= \bigcup_{n\in\omega}x_{n}$ , $x\subset x_{\omega}$ . $x_{\omega}= \bigcup_{n\in\omega}y_{\alpha}^{n+1}$
$\langle y_{\alpha}^{n+1}|n\in\omega\rangle$ $C_{\alpha}$ increasing chain , $x_{\omega}\in C_{\alpha}$
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. $x\subset x_{\omega}\in C$ , $CF_{\kappa,\lambda}^{\mu}$ $*\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}e\mathrm{t}\mathrm{e}$
.
Normality , $\alpha<\lambda$ $D\text{ }<\mu$ club , $D=$
$\triangle_{\alpha<\lambda}D_{\alpha}$ . $\eta<\mu$ , $D$ increasing chain
$\langle z_{\zeta}|\zeta<\eta\rangle$ , $z= \bigcup_{\zeta<\eta}z_{\zeta}$ . $\alpha\in z$ , $\zeta_{\alpha}<\eta$
$\zeta\geq$
$\alpha\in z_{\zeta}$ . , $\zeta\geq\zeta_{\alpha}$
$z_{\zeta}\in D_{\alpha}$ . $\langle z_{\zeta}|\zeta_{\alpha}\leq\zeta<\eta\rangle$ $D_{\alpha}$ increasing
chain , $z= \bigcup_{\zeta_{\alpha}\leq\zeta}z_{\zeta}\in D_{\alpha}$ . $z\in D$ , $D$
$<\mu$-closed .
$w\in P_{\kappa}\lambda$ . $w_{0}=w$ . $w_{n}\in P_{\kappa}\lambda$
, $\alpha\in w_{n}$ , $w_{\alpha}^{n}\in D_{\alpha}$ $w_{n}\subset w_{\alpha}^{n}$
. $w_{n+1}=\cup\alpha\in w_{n}w^{n}\alpha$ . $w_{\omega}= \bigcup_{n\in\omega}w_{n}$
, $vJ_{\omega}\supset w_{0}=w$ . $\alpha\in w_{\omega}$ , $m\in\omega$
$n\geq m$ $\alpha\in w_{n}$ . $n\geq m$
$w_{\alpha}^{n}$
$w_{n}\subset w_{\alpha}^{n}\subset w_{n+1}$ ,
$w_{\omega}= \bigcup_{n\geq m}W_{\alpha}^{n}\in D_{\alpha}$ . $w_{\omega}\in D$ , $D$
unbounded
3.16. $x\in P_{\kappa}\lambda$ , $cf(P_{\kappa_{x}^{X)}}= \min\{|X|$ : $X$ $P_{\kappa_{x}}x$
unbounded } .
3.17. $P_{\kappa}\lambda$ $\mu^{+}$ -complete IWN- $F$ ,
$\{x:cf(P\kappa_{x}X)>\mu\}\in F$ .
. , $X=\{x : cf(P_{\kappa_{x}}x)\leq\mu\}\in F^{+}$ .
$F’=F\mathrm{r}X=$ { $A\subset P_{\kappa}\lambda$ : $B\in F$ $B\cap X\subset A$}
. $x\in X$ , $B_{x}\subset P_{\kappa_{x}}x$ unbounded $\{s_{\alpha}^{x} : \alpha<\mu\}$
enumeration . $\alpha<\mu$ , $f_{\alpha}$ : $Xarrow P_{\kappa}\lambda$ $f_{\alpha}(x)=S_{\alpha}^{x}$
. $f_{\alpha}$ set regressive , $a_{\alpha}\in P_{\kappa}\lambda$ $Y_{\alpha}\in F’$ ,
$x\in Y_{\alpha}$ $(x)\subset a_{\alpha}$ . $a= \bigcup_{\alpha<\mu}a_{\alpha}$ ,
$Y= \bigcap_{\alpha<\mu}Y_{\alpha}$ . $a\in P_{\kappa}\lambda$ $Y\in F’$ , $g-\text{ }$
$x\in Y$ $x=\cup B_{x}\subset a$ , .
3.18. , set regressive function $f$ } ,
$X\in F$ $f”X\in I_{\kappa,\lambda}$
.
3.19. $\omega\leq\mu<\kappa$ $F$ $P_{\kappa}\lambda$ $\mu^{+}- c\text{ }mplete$ WN-
, $S$ $CF_{\kappa,\lambda}^{/r}+-Stati_{\mathit{0}}nary$ , {$x\in P_{\kappa}\lambda$ : $S\cap P_{\kappa_{x}}x$
$P_{\kappa_{x}}x$ $stati\text{ }nary$ } $\in F$ .
. $S$ $cF_{\kappa,\lambda^{\mathrm{S}}}^{\mu^{+}}-\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{a}}\mathrm{r}\mathrm{y}$ , $X=\{x\in P_{\kappa}\lambda$ : $s\mathrm{n}P_{\kappa_{x}}X$ $P_{\kappa_{x}}x$
stationary } $\in F^{+}$ . $x\in X$
$x\cap\kappa$
$\mu$ , $cf(P_{\kappa_{x}}X)>\mu$ , $C_{x}\subset P_{\kappa ae}x$
$C_{x}\cap S=\emptyset$ club . $F’=F\mathrm{r}x$ .
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$C=\{y\in\ \lambda :\{x\in X:y\in C_{x}\}\in F’\}$ $<\mu^{+}$ club
.
$z\in P_{\kappa}\lambda$ . $\{x\in X : z\in P_{\kappa_{x}}x\}\in F’$
. $f_{0}(x)\in C_{x}$ , $z\subset f\mathrm{o}(x)$
, $f\mathrm{o}(x)=\emptyset$ . $a_{0}\in P_{\kappa}\lambda$
$X_{0}\in F’$ , $x\in X_{0}$ $z\subset f_{0}(x)\subset a_{0}$
.
$a_{n}\in P_{\kappa}\lambda,$ $X_{n}\in F’$ $f_{n}$ , $x\in X_{n}$ $f_{n}(x)\subset a_{n}$
. $\{x\in X : a_{n}\subset-P_{\kappa ae}x\}\in F’$ , set
regressive +1 $\{x:a_{n}\subset f_{n+1}(x)\in C_{x}\}\in F’$
, $a_{n+1}\in P_{\kappa}\lambda$ $X_{\mathrm{n}+1}\in F’$ , $x\in X_{\mathrm{n}+1}$
$a_{n}\subset f_{n+1}(x)\subset a_{n+1}$ .
$y= \bigcup_{n\in\omega}a_{n},$ $Y= \bigcap_{n\in\omega}X_{n}$ , $a\in P_{\kappa}\lambda$ $Y\in F’$ .
$x\in Y$
$z\subset f_{0}(X)\subset a\mathit{0}\subset\cdots\subset an\subset fn+1(_{X})\subset a_{n+1}\subset\cdots\subset y$
, $n\in\omega$ $(x)$ $\in C_{x}$ . $C_{x}$ closed
$cf(P_{\kappa_{x}}X)>\mu\geq\omega$ , $y= \bigcup_{n\in\omega}f_{n}(x)\in C_{x}$ .
$z\subseteq y\in C$ , $C$ unbounded .
$C$ closed , $\langle$ $y$ $|\alpha<\mu\rangle$ $C$ increasing
chain , $w= \bigcup_{\alpha<\mu}y_{\alpha}$ . $w\in P_{\kappa}\lambda$ .
$\alpha<\mu$ $\{x\in X : y_{\alpha}\in C_{x}\}\in F’$ , $x\in Z$
$\alpha<\mu$ $y$ $\in C_{x}$ $Z\in F’$ . $C_{x}$ $P_{\kappa_{x}}x$
club , $x\cap\kappa$ $\mu$ , $x\in Z$
$w\in C_{x}$ . $w\in C$ , $C$ $<\mu^{+}$-closed
.
, $C\subset P_{\kappa}\lambda$ $<\mu^{+}$-club , $S\cap C\neq\emptyset$ . $y\in S\cap C$
’$\{x_{\text{ }}y\in C_{x}\}\in F’$ $\{x\in X:s_{\cap}c_{x}\neq\emptyset\}\neq\emptyset\square$,
3.20. $P_{\kappa}\lambda$ strongly normal $\kappa$-saturated $F$
, $P_{\kappa}\lambda$ stationary $F$
oeflect .
WN- nonregularity . $P_{\kappa}\lambda$
$I_{\kappa,\lambda}^{*}$ , $(\kappa, \lambda)$ -regular
.
3.21. $F$ $P_{\kappa}\lambda$ $WN$- , $cf(\lambda)\geq\kappa$ ,
.
(1) $\{x:cf(\sup(_{X}))\geq x\cap\kappa\}\in F$ .
(2) $P_{\kappa}\lambda$ $F$ , $\mu<\kappa$
$(\mu, \lambda)$ -regular $\mathrm{A}^{1}$ .
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. (1) $F\supset CF_{\kappa,\lambda}$ , {$x:\text{ }.t.(x)$ } $\in F$ .
$X= \{x\in P_{\kappa}\lambda:cf(\sup(x))<x\cap\kappa\}\in F^{+}$ . $x\in X$
, $a_{x}\subset x$ $x$ cofinall $|a_{x}|<x\cap\hslash$
. , $a\in P_{\kappa}\lambda$ , $Y=\{x\in P_{\kappa}\lambda : a_{x}\subset a\}\in F^{+}$
. $x\in Y$ $x \subset\sup(a)<\lambda$ ,
.
(2) $\mathcal{U}$ $P_{\kappa}\lambda$ $F$ . (1) { $x$ :
$cf( \sup(x))>\mu\}\in \mathcal{U}$ . AN$(\mathcal{U})$ , $\{[c_{\gamma}]_{\mathcal{U}} : \gamma<\lambda\}$
$[ \langle\sup(x)|x\in P\hslash\lambda\rangle]_{u}$ cofinal . ,
.
3.22. $\mathcal{U}$ $(\mu, \lambda)- reg?dar$ $P_{\kappa}\lambda$ , $f$ :
$P_{\kappa}\lambdaarrow\lambda$ $\{x:cf(f(x))\geq\mu\}\in \mathcal{U}$ , VP\mbox{\boldmath $\kappa$}\mbox{\boldmath $\lambda$}/U\models ‘‘cf([f] $\geq$
$\lambda^{+}"$ .
. ( ) $x$ , $cf(f(x))\geq\mu$ . { $g_{\alpha}$ :
$\alpha<\lambda\}$ $g_{\alpha}$ : $P_{\kappa}\lambdaarrow\lambda$ , $\alpha<\lambda$ $[g_{\alpha}]_{\mathcal{U}}<[f]_{\mathcal{U}}$
. , $x$ $g_{\alpha}(x)<f(x)$
. $\{_{A}\mathrm{Y}_{\alpha} : \alpha<\lambda\}$ $(\mu, \lambda)$-regularity ,
$g(x)= \sup\{_{arrow \mathit{0}}\alpha(X) : x\in X_{\alpha}\}$ .
$x$ , $|\{\alpha : x\in X_{\alpha}\}|</\mathrm{J}$ $g(x)<f(x)$ .
$\alpha<\lambda$ $[g_{\alpha}]_{\mathcal{U}}\leq[g]_{\mathcal{U}}$ , .
REFERENCES
[1] Y. Abe, $Weakll/$ normal ideals on $P_{\kappa}\lambda$ and the singular cardinal hypothesis,
Fund. Math. 143 (1993), 97-106.
[2] A. Apter and S. Sheiah, Menas f result is best possible, Rans. Amer. Math.
Soc. 349 (1997), 2007-2034.
[3] D. M. Carr, J. P. Levinski and D. H. Pelletier, On the existence of strongly
nombal ideals on $P_{\kappa}\lambda_{f}$ Arch. Math. Logic 30 (1990), 59-72.
[4] M. Giu Nonspliuing $stationa\mathit{7}^{\sim}y$ subsets $ofP_{\kappa}\kappa^{+}$ , J. Symbolic Logic 50 (1985),
881-894.
[5] A. Kanamori, Weakly normal filters and irregular ultmfilters, bans. Amer.
Math. Soc. 220 (1976), 393-399.
[6] T. Jecli, Some combinatorial problems conceming uncountable cardinals, Ann.
$\mathrm{M}\mathrm{a}\mathrm{t}1_{1,}$ Log\’ic 5 (1973), $16\theta 198$.
63
